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Abstrat
Time-dependent Hamiltonian dynamis is derived for a urve (moleular strand) in R
3
that experienes both
nonloal (for example, eletrostati) and elasti interations. The dynamial equations in the symmetry-redued
variables are written on the dual of the semidiret-produt Lie algebra so(3)s (R3 ⊕ R3 ⊕ R3 ⊕ R3) with three
2-oyles. We also demonstrate that the nonloal interation produes an interesting new term deriving from
the oadjoint ation of the Lie group SO(3) on its Lie algebra so(3). The new lament equations are written in
onservative form by using the orresponding oadjoint ations.
To ite this artile: D. D. Holm and V. Putkaradze, C. R. Aad. Si. Paris, Ser. I XXX (2008).
Résumé
Nous dérivons la dynamique Hamiltonienne d'une ourbe (haine moléulaire) dans l'espae physique R
3
sujette
á des interations élastiques ainsi que non-loales (életrostatiques par exemple). Les équations dynamiques des
variables réduites par symétrie sont érites sur l'espae dual de l'algèbre de Lie so(3)s (R3 ⊕ R3 ⊕ R3 ⊕ R3)
(produit semidiret) ave trois 2-oyles. Nous démontrons aussi que l'interation non-loale produit un nouvel
terme intéressant, qui dérive de l'ation oadjointe du group de Lie SO(3) sur son algébre so(3). Les nouvelles
équations du lament sont érites sous une forme onservative grâe aux ations oadjointes orrespondantes.
Pour iter et artile : D. D. Holm and V. Putkaradze, C. R. Aad. Si. Paris, Ser. I XXX (2008).
Version française abrégée Cette note dépasse le adre des approhes à la Kirho pour dériver la dy-
namique Hamiltonienne d'une ourbe (haine moléulaire) dans l'espae physique R
3
, lorsqu'elle est
sujette à des interations élastiques ainsi que non-loales (életrostatiques par exemple). Cette note
s'inspire d'une extension de la théorie des barres géométriques parfaites [12℄, qui présente l'interation
élastique dans un ontexte géométrique par l'usage des oordonnées matérielles. Cette théorie a déjà
été utilisée pour la desription de quelques aspets de la dynamique des protéines [2℄. Toutefois la gé-
néralisation des es théories aux interations non-loales (qui dépendent du temps) exige l'appliation
de méthodes géométriques pour dériver le prinipe d'ation (15), qui vont au-delà de l'approhe à
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.uk (Darryl D. Holm), putkaradmath.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la Kirho. Les équations dynamiques des variables réduites par symétrie (16,17) sont érites dans
l'espae dual de l'algèbre de Lie so(3)s (R3⊕R3⊕R3⊕R3) (produit semidiret) ave trois 2-oyles.
De plus, les nouvelles équations du lament sont érites sous une forme onservative (25) en utilisant
les ations oadjointes orrespondantes. Notre approhe rend possible l'inlusion ohérente des eets
életrostatiques et inertiels dans les études théoriques et numériques de la dynamique des haines
biologiques. Cela garantit aussi la onservation de l'énergie et étend les traitements Hamiltoniens à
la Lie Poisson [12,6,10℄ an d'englober la dépendane non-loale des variables.
1. Introdution
In ontemporary siene, two basi approahes are taken in desribing the dynamis of biologial
strands (suh as proteins). These two approahes might be termed moleular dynamis and geo-
metri dynamis. Moleular dynamis treats a biologial moleule as a olletion of harged masses
interating in fore elds; the equations of motion are derived from Newton's Seond Law, with
proper addition of random fores. Using this method, sientists have been able to aurately model
the realisti dynamis of proteins with omplex shapes [13℄. Even though this approah has been
suessful, it poses tremendous demands on omputing power; it also limits the ability to ahieve
theoretial understanding of the dynamis. In addition, the omputation of folding of even the most
basi proteins using suh detailed dynamis hallenges the limits of most modern omputers. This is
due to the neessity of modeling the motion of every single atom in the protein as well as using the
atomisti stohasti approah for omputing resistane and self-interation of the moleular strand
in water, or other solvent.
Alternatively, onsideration of a protein or biologial strand as a ontinuum urve has a long and
rih history with some notable suesses [8,1,7,9℄. Most onsiderations in this approah  both in the
investigation of stationary and time dependent models  have been made in the framework of the
Kirhho model of elasti rods. That framework, however, has been so far not been able to overome
the mathematial diulties of inorporating eletrostati (nonloal) eets into the dynamis, by a
straight-forward extension of Kirhho theory. Some reent progress has been made on the stationary
solutions in the ontinuum framework [5℄. However, no time-dependent theory onsidering nonloal
eets yet exists to our knowledge. The diulties arise beause Kirhho's theory is formulated
in the intrinsi frame onneted with the deformed rod. Hene, the omputation of distanes in
Eulidean spae beomes non-trivial, thereby inreasing the diulty of onstruting a onsistent
time-dependent theory.
This paper overomes the problems onfronted in standard Kirhho-based approahes by using an
extension of the theory of exat geometri rods [12℄, whih puts elasti interations into a geometri
framework using the material frame viewpoint. This theory has already been used to desribe some
aspets of protein dynamis [2℄. However, the generalization of these theories for time-dependent
nonloal interations requires geometri methods that go beyond the Kirhho approah. The paper
onsiders only inertial eets. The introdution of dissipation into the motion of biologial strands
is a ompliated issue [8,7℄ that will be deferred to future work.
Aknowledgements. The authors were partially supported by NSF grant NSF-DMS-05377891, the
US Department of Energy, Oe of Siene, Applied Mathematial Researh, the Royal Soiety of
London Wolfson Researh Award and the MISGAM program of the European Siene Foundation.
2. Motion of exat self-interating geometri rods
We onsider rigid onformations of harges mounted along a exible lament at r(s, t) at distanes
ηk(s, t) and allow these harges to interat with eah other via a potential (for proteins, the sreened
eletrostati potential). For simpliity, eah harge `bouquet' is assumed to rotate as a rigid body with
respet to its origin. This rigid onformational rotation is illustrated in Figure 1. The dependene
on time t of the orientation of the rigid onformation of harges at a spatial point r(s, t) along the
lament is denoted as Λ(s, t) ∈ SO(3). Suppose eah rigid onformation of harges is idential and
the k-th eletrial harge is positioned near a given point r(s, t) of the urve at the referene state
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Figure 1. Rigid onformations of harges are distributed along a urve.
r+ηk(s). Here, ηk(s) is a vetor of onstant length that determines the position of the k-th eletrial
harge relative to the point r(s, t) along the urve in its referene onguration. If the urve position
r remains xed, rotation is allowed only in a plane so Λ ∈ SO(2) and there is only one harge k = 1,
our model redues to that onsidered in [11℄. In general, the position ck of the k-th harge in the
rigid onformation anhored at position r(s, t) rotates to a new position with Λ(s, t) ∈ SO(3) as
ck(s, t) = r(s, t) + Λ(s, t)ηk(s) , where Λ(s, 0) = Id . (1)
The key to further progress is to use maximum possible redution of the Lagrangian to the SO(3)-
invariant quantities. As we show below, beause of the nonloality, the omplete redution from the
Lie group to its Lie algebra is impossible, yet the equations an still be formulated as motion on a
Lie algebra with an elegant mapping from the unredued Lie group terms to the Lie algebra.
The nonloal part of the potential energy lnp of interation between rigid onformations of harges
at spatial oordinates s and s′ along the lament depends only on the distane dk,m(s, s
′) between
the k-th and m-th harges in the two onformations,
lnp =
∑
k,m
1
2
∫
U
(
dk,m(s, s
′)
)
dsds′ , dk,m(s, s
′) = |ck(s)− cm(s
′)| . (2)
This salar distane may also be expressed in terms of vetors seen from the frame of orientation of
the rigid body at a point x along the lament, as
dk,m(s, s
′) = |ck(s)− cm(s
′)| = |κ(s, s′) + ηk(s)− ξ(s, s
′)ηm(s
′)| , (3)
where κ(s, s′) = Λ−1(s)
(
r(s)− r(s′)
)
∈ R3 and ξ(s, s′) = Λ−1(s)Λ(s′) ∈ SO(3) . (4)
The rst of these quantities is the spatial vetor r(s) − r(s′) between two points on the lament,
as seen from the orientation Λ(s) of the rigid body (harge onformation) at s on the lament.
The seond is the relative orientation of the rigid bodies (harge onformations) at s and s′. A
transposition identity, ξ(s, s′)T = ξ(s′, s) = ξ(s, s′)−1, follows from the denition of ξ(s, s′) in (4).
Remark 1 Both the vetor κ(s, s′) and the relative orientation ξ(s, s′) dened in (4) are invariant
under hanges of the orientation of the spatial oordinate system obtained by the left ation r(s)−
r(s′)→ O(r(s)− r(s′)) and Λ → OΛ of any element O in the rotation group SO(3).
The loalized part of the Lagrangian depends on Λ, Λ˙, Λ′, r(s), r˙, r′, where the dot denotes the
time derivative and prime is the derivative with respet to arlength s. If it is left-invariant under
the ation of SO(3), this Lagrangian may be redued to a funtion of left-invariant quantities:
Ω = Λ−1Λ′ ∈ so(3), ω = Λ−1Λ˙ ∈ so(3), Γ = Λ−1r′ ∈ R3, γ = Λ−1r˙ ∈ R3 and ρ = Λ−1r ∈ R3.
Capital Greek letters denote derivatives in s, while lower-ase Greek letters (exept for ρ) denote
derivatives in time. Bold letters suh as ω denote vetors in R3 while Ω is a skew 3 × 3 matrix in
3
the Lie algebra so(3) whose entries orrespond to vetor omponents via the isomorphism between
so(3) and R3. For example, for any vetor v ∈ R3 one has Ωv = Ω × v. In omponents, this is the
map Ωjk = − ǫjklΩl without any extra adornments.
In terms of these quantities, we assume the symmetry-redued Lagrangian L may be written as the
sum of a loal part l and a nonloal part lnp, aording to
L(ρ,γ,Γ,ω,Ω, ξ) = l(ρ,γ,Γ,ω,Ω) +
∫
U
(
κ(s, s′), ξ(s, s′)
)
dsds′ := l+ lnp , (5)
where the left-invariant quantity κ(s, s′) in (4) may be expressed using ρ and ξ as
κ(s, s′) := Λ−1(s)
(
r(s)− r(s′)
)
= ρ(s)− ξ(s, s′)ρ(s′) . (6)
Kinematis. Let us ompute the spae and time derivatives of ρ = Λ−1r ∈ R3. The spae (s)
derivative of ρ (denoted by a prime) and time (t) derivative (denoted by a dot) are given by
ρ′ = −Ωρ+ Γ = −Ω× ρ+ Γ and ρ˙ = −ωρ+ γ = −ω × ρ+ γ . (7)
Compatibility of these formulas arises from equality of the ross-derivatives of r and Λ. Namely,
Γ˙+ ω × Γ = γ ′ +Ω× γ and Ω˙ = Ω× ω + ω ′ . (8)
Variations. The variations of ρ, ω, γ, Ω and Γ are omputed by the following steps:
δρ = −Λ−1δΛΛ−1r + Λ−1δr = −Σρ+Ψ = −Σ× ρ+Ψ = ρ×Σ+Ψ , (9)
where one denes the left-invariant variations Σ = Λ−1δΛ ∈ so(3) and Ψ = Λ−1δr ∈ R3. The
variations δγ, δΓ, δω and δΩ are given in terms of the the left-invariant quantities Σ and Ψ by
δγ = −Σ× γ + ω ×Ψ+
∂Ψ
∂t
= γ ×Σ+ ω ×Ψ+
∂Ψ
∂t
, (10)
δΓ = −Σ× Γ+Ω×Ψ+
∂Ψ
∂s
= Γ×Σ+Ω×Ψ+
∂Ψ
∂s
, (11)
δω = ω ×Σ+
∂Σ
∂t
and δΩ = Ω×Σ+
∂Σ
∂s
. (12)
The key to understanding the nonloal variations lies in the matrix formula
ξ−1δξ(s, s′) = −Adξ−1(s,s′)Σ(s) + Σ(s
′) , where Adξ−1Σ := ξ
−1Σ ξ , (13)
obtained from the denition of ξ(s, s′) in equation (4). The variation of κ in (6) is then given by
δκ(s, s′) = −Σ(s)× κ(s, s′) +Ψ(s)− ξ(s, s′)Ψ(s′) . (14)
Calulation of energy variations. The equations of motion are omputed from the stationary
ation priniple δS = 0, with S =
∫
Ldt and L = l+ lnp in equation (5), for whih
δS =
∫ 〈
δl
δρ
, δρ
〉
+
〈
δl
δγ
, δγ
〉
+
〈
δl
δΓ
, δΓ
〉
+
〈
δl
δω
, δω
〉
+
〈
δl
δΩ
, δΩ
〉
+
〈
δlnp
δκ
, δκ
〉
+
〈
ξ−1
δlnp
δξ
, ξ−1δξ
〉
dt = 0 . (15)
The terms proportional to Σ and Ψ give, respetively,(
∂
∂t
δl
δω
+ ω ×
δl
δω
)
+
(
∂
∂s
δl
δΩ
+Ω×
δl
δΩ
)
=
δl
δγ
× γ +
δl
δΓ
× Γ+
δl
δρ
× ρ (16)
+
∫
∂U
∂κ
(s, s′)× κ(s, s′)ds′ +
∫
Z(s, s′)ds′ ,
4
(
∂
∂t
δl
δγ
+ ω ×
δl
δγ
)
+
(
∂
∂s
δl
δΓ
+Ω×
δl
δΓ
)
=
(
δl
δρ
+
∫
∂U
∂κ
(s, s′)− ξ(s, s′)
∂U
∂κ
(s′, s)ds′
)
. (17)
Here, we have dened the nonloal ontribution
Z(s, s′) := Z(s, s′)× = ξ(s, s′)
(∂U
∂ξ
(s, s′)
)T
−
∂U
∂ξ
(s, s′)ξT (s, s′) . (18)
The term Z(s, s′) is the ontribution from the nonloal part of the Lagrangian we have sought. A
diret alulation shows that ZT = −Z, so Z ∈ so(3). This expression appears naturally in geometri
mehanis of interating oriented bodies like asteroids [3℄, and more general theory of redution by
stages [4℄ illuminates the geometri struture of suh interations.
3. Spatial onservation laws
The physial meaning of equations (16, 17) is revealed by writing them as spatial onservation laws.
For this, we invoke the following identities valid for the Ad- and Ad
∗
-ations of any element g(t) ∈ G
in the Lie group on η ∈ g in the Lie algebra and µ ∈ g∗ in its dual with pairing 〈 · , · 〉 : g∗ × g → R〈
µ, Adg−1(t)
∂
∂t
Adg(t)η
〉
=
〈
µ, adση
〉
and
〈
Ad∗g(t)
∂
∂t
Ad∗g−1(t)µ , η
〉
=
〈
− ad∗σµ , η
〉
, (19)
where Ad∗ : G × g∗ → g∗ is dened by 〈Ad∗g(t)µ , η〉 := 〈µ , Adg(t)η〉 and σ = g
−1g′(t) ∈ g belongs
to the Lie algebra g. Equations (16, 17) are formulated on the dual of the Lie algebra, for whih the
seond equation in (19) gives〈
Ad∗g(t)
∂
∂t
(
Ad∗g−1(t)µ(t)
)
, η
〉
=
〈
µ˙− ad∗σµ , η
〉
. (20)
To derive the onservation form of equations (16, 17), we onsider the group G = SE(3) with the
group element g = (Λ(s, t), r(s, t)), whose left-invariant time-derivative is σ = (Λ−1Λ˙,Λ−1r˙) =
(ω,γ). Using the denition of ad∗ for the se(3) Lie algebra yields
Ad∗g(t)
∂
∂t
[
Ad∗g−1(t)
( δl
δω
,
δl
δγ
)]
=
∂
∂t
( δl
δω
,
δl
δγ
)
+
(
ω ×
δl
δω
+ γ ×
δl
δγ
, −ω ×
δl
δγ
)
. (21)
The tangent vetor obtained from the derivative in arlength s is (Λ−1Λ′,Λ−1r′) = (Ω,Γ). Thus,
Ad∗g(s)
∂
∂s
[
Ad∗g−1(s)
( δl
δΩ
,
δl
δΓ
)]
=
∂
∂s
( δl
δΩ
,
δl
δΓ
)
+
(
Ω×
δl
δΩ
+ Γ×
δl
δΓ
, −Ω×
δl
δΓ
)
. (22)
Remark 2 The nonloal term (18) arises as the derivative of the nonloal part of the potential with
respet to Lie algebra elements Ω and Γ, as follows.
Upon identifying oeients of the free variations Σ× = Λ−1δΛ and Ψ = Λ−1δr, one may write the
following identity relating dierent variational derivatives of the nonloal potential lnp:
δlnp =
〈
ξ−1
δlnp
δξ
, ξ−1δξ
〉
+
〈δlnp
δκ
, δκ
〉
=
〈δlnp
δΓ
, δΓ
〉
+
〈δlnp
δΩ
, δΩ
〉
.
Using expressions (13) for ξ−1δξ, (14) for δκ, (12) for δΩ and (10) for δΓ, then olleting terms
proportional to the free variation Σ yields the following identity, whih impliitly denes δlnp/δΩ
in terms of known quantities,
−
∂
∂s
δlnp
δΩ
+Ω×
δlnp
δΩ
=
∫
∂U
∂κ
(s, s′)× κ(s, s′)ds′ +
∫
Z(s, s′)ds′ , (23)
where we have dened Z(s, s′) aording to (18). Likewise, identifying terms multiplying Ψ gives
−
∂
∂s
δlnp
δΓ
+Ω×
δlnp
δΓ
=
∫
∂U
∂κ
(s, s′)− ξ(s, s′)
∂U
∂κ
(s′, s)ds′ . (24)
5
Therefore, we onlude that equations (16, 17) are equivalent to the following pair of onservation
laws expressed using variations of the total Lagrangian L = l + lnp:
∂
∂t
[
Ad∗g−1(t)
( δL
δω
,
δL
δγ
)]
+
∂
∂s
[
Ad∗g−1(t)
( δL
δΩ
,
δL
δΓ
)]
= Ad∗g−1(t)
(δL
δρ
× ρ ,
δL
δρ
)
. (25)
The terms (δL/δρ×ρ, δL/δρ) desribe the inuene of the external torques and fores, respetively,
whih are not expressible in onservation form. (This is similar to the situation for the heavy top.)
Remark 3 On Legendre transforming the total Lagrangian L to the Hamiltonian,
H(µ,β;Ω,Γ,ρ) =
∫
(µ · ω + β · γ) ds− L(ω,γ;Ω,Γ,ρ) , (26)
equations (7), (8), (16) and ( 17) may be expressed in Lie-Poisson form as
∂
∂t


µ
ρ
Ω
Γ
β


=


µ× ρ× (∂s +Ω×) Γ× β×
ρ× 0 0 0 Id
(∂s +Ω×) 0 0 0 0
Γ× 0 0 0 (∂s +Ω×)
β× −Id 0 (∂s +Ω×) 0




δH/δµ = ω
δH/δρ
δH/δΩ
δH/δΓ
δH/δβ = γ


. (27)
This Lie-Poisson Hamiltonian matrix is dual to the semidiret-produt Lie algebra so(3)s (R3⊕R3⊕
R
3⊕R3) with three dierent types of 2-oyles dened on its normal R3 subalgebras. The sympleti
2-oyle in {ρ, β} indues the generalized 2-oyle in {Γ, β}, for whih Ω is a Casimir; so Ω× is
a onstant in this 2-oyle. In ontrast, the quantity Ω× in the generalized 2-oyle for {µ, Ω} is
a onnetion form. The latter 2-oyle also appears in the theory of omplex uids [12,6,10℄.
Remark 4 In this paper, the inuene of nonloality (e.g., harge sreening) on rod mehanis was
studied using the Euler-Poinaré variational method. This variational approah led to an equivalent
Lie-Poisson Hamiltonian formulation of the new equations (16, 17). Applying the Ad
∗
g−1(t) trans-
formation from body to spatial variables in these equations produed a great eonomy of form and
exposed the meaning of the interplay among their various loal and nonloal terms.
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